
Telfor Journal, Vol. 13, No. 2, 2021. 63 
 
Original scientific paper 

 

Abstract — In this paper various complex signal 
constellations are considered in the context of Automatic 
Modulation Classification (AMC) based on a higher-order 
normalized cumulants value. Most of the constellations have 
been addressed so far with fourth-order cumulants as AMC 
features only. The goal of this paper is to provide comparable 
values of sixth-order cumulants’ statistics for complex signal 
constellations as well, while resolving ambiguity in 
constellation shapes addressed at the same time and directing 
towards the criterion for estimation of expected classification 
performance.   

Keywords — Constellation, complex signals, AMC, 
cumulants, statistics. 

I. INTRODUCTION 

TARTING from the publication of a simple, very low 
complexity, robust method based on fourth-order 

cumulants that can easily be applied in a hierarchical 
manner to classify various digital signaling formats [1], 
many authors worked on Automatic Modulation 
Classification (AMC) algorithms with normalized 
cumulants used as features of interest. While the number 
and sophistication of digital signaling systems increase over 
years, an emerging need for intelligent modems capable of 
quickly discriminating signal types remains crucial for 
cognitive radio, cooperative communications and massive 
Internet of Things (IoT) surrounding. Thus, the idea of 
using simple AMC schemes, robust and appropriate for 
practical implementation, makes cumulants being (still) a 
natural choice.    

Apart from the fourth-order normalized cumulants, the 
sixth-order normalized cumulants [2,3] were mostly 
considered for this purpose, by many authors worldwide. 
While eighth-order cumulants have been also analyzed [4], 
simplicity and some practical advantages of sixth-order 
cumulants prevail [5]. In recent researches simple cumulant 
features are additionally supported with complex classifiers 
which may result in excellent performance, such as neural 
networks or deep learning methods, considered for various 
sets of digital signals’ constellations. 

Still, many signal constellations were observed in early 
days of cumulant-based AMC research only, under only one 
of higher-order cumulant values. At the same time, in 
literature some discrepancies between the reported 
cumulant values of the same constellations can be found, 
coming mostly from the fact that authors didn’t consider 
exactly the same constellation structures. The goal of work 
presented in this paper is to provide an overview of both 
fourth and sixth-order cumulant values of various signals 
constellations in one place, along with their statistical 
properties relevant for practical performance in AMC 
applications. While some of the constellations presented in 
this work are analyzed in the context of cumulants for the 
very first time, even for the most of other considered signal 
structures corresponding statistics are calculated and 
presented in this paper for the very first time, also.  

The rest of the paper is organized as follows: in Section 
II cumulants’ structures are defined, in Section III various 
complex signal constellations are discussed in AMC 
context, while classification performance is analyzed in 
Section IV, followed with concluding considerations.    

II. NORMALIZED CUMULANTS FOR SIGNAL MODULATION 

CLASSIFICATION 

For a zero-mean random variable x, associated with a 
transmitted data sequence ( )x n , the second-order cumulant 

*
21, ( , )xC cum x x  is given by: 
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The fourth-order cumulant  * *
42, ( , , , )xC cum x x x x  and the 

normalized fourth-order cumulant of the same variable  are 
given as [1]: 
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The sixth-order cumulant  * * *

63,
( , , , , , )

x
C cum x x x x x x  

and the normalized sixth-order cumulant of the same 
random variable x are derived as [3]: 
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The calculation of cumulants of a received signal through 
eq. (1) – (5) in practice is executed via the calculation of 
mean-values over an ensemble of collected signal samples, 
which is implementable quite easily. If the number of 
samples is represented with N, the estimated values of 
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normalized cumulants are always shaped with some portion 
of dispersion around expected (theoretical) values, 
proportionally to the value of N. This phenomenon was 
explored and described originally in [1], where the variance 

of the sample estimates of  42,x
C  for complex constellations, 

with N samples, is calculated as: 
2 3

42, 8,4 4,2 2,1 4,2 2,1 6,3 2,1var( ) [ ] 4 [3 2 2 ]xN C m m m m m m m     ,
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with *
, [ ( ) ] k m m

k mm E y y . For real constellations, the 

variance of the sample estimates of  42,x
C  is given by: 

2 3
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A similar conclusion was reported for the sixth-order 
cumulants in [6], where the variance of 63,xC , for complex 

signals with N samples, is given with: 
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while for real constellations, this variance is given by: 
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Thus, reported error variances are directly proportional with 
sample size N and take different values for different 
modulation formats.  

While variances of the sample estimates of fourth-order 
cumulants for various Pulse Amplitude Modulation (PAM) 
constellations, along with a number of complex signal 
constellations were published in [1], variances of the 
sample estimates  63,x

C  of PAM signals were published for 

the first time just recently [7]. In general, the sixth-order 
cumulants were mostly observed in the context of QPSK, 
V.29 and just a few rectangular QAM constellations [2,8], 
along with BPSK signals [3,4], so variances of the sample 
estimates for many signal constellations remain published 
for 42,xC  only so far. It is of obvious interest to provide a 

comprehensive overview of various complex signal 
constellations’ 63,x

C  estimates and variances also, in one 

place. At the same time, it is of interest to resolve possible 
discrepancies in numerical results reported, appearing as a 
consequence of using even slightly different constellation 
shapes by different authors, which occur frequently in the 
case of analyzing 8-point V.29 and Quadrature Amplitude 
Modulation (QAM) constellations, for example, or star 
QAM-16 and 16-point V.29 as another example. Clear 
identification in both visual and numerical context of 
constellations analyzed via cumulant properties should be 
provided, since in many cases visual representation only 
shows to be insufficient for repeatability of reported results 
[9]. Moreover, there is a number of complex signal 
constellations which have not been analyzed in the context 
of higher – order cumulants at all. For all the reasons 
mentioned, we calculate and in Table 1 we provide the set 
of theoretic cumulant values and their corresponding 
variances, for various modulation constellations. Some 
specific complex constellations included in Table 1 are 

presented in Fig. 1 to Fig. 12, for additional precision in 
(both visual and numerical) identification.  

III. COMPLEX SIGNAL CONSTELLATIONS 

There are many complex signal constellations whose 

63,
ˆ

xC  value and corresponding variance is presented in 

Table 1 for the first time, starting from the standard 
rectangular QAM constellations (given with prefix “r” in 
Table 1), [10]. To the best of our knowledge, this would be 
the case for all rectangular QAM constellations having 
more than 256 symbols. Well known rectangular QAM 
constellations are presented in Fig. 1, while a rectangular 
QAM-8 structure used for this analysis is given in Fig. 2.  

 

TABLE 1: THEORETICAL CUMULANT STATISTICS FOR REAL AND 

COMPLEX CONSTELLATIONS, AND VARIANCES OF THEIR SAMPLE 

ESTIMATES 

Constellation 
63Ĉ  63,var( )xN C  

42Ĉ  42,var( )xN C

BPSK 16.0000 5040.00 -2.0000 36.00 
PAM-4  12.1600 4612.00 -1.3600 34.72 
PAM-8 11.7600 4455.00 -1.2381 32.27 
PAM-16 11.6817 4419.70 -1.2094 31.67 
PAM-32 11.6632 4411.00 -1.2023 31.52 
PAM-64 11.6587 4409.00 -1.2006 31.49 
QPSK 4.0000 576.00 -1.0000 12.00 
rQAM-8 3.3300 485.72 -0.8900 11.11 
(8,8) QAM-16 2.6814 401.09 -0.7800 10.24 
AMPM-8 2.5600 332.31 -0.7200 9.54 
(12,4) QAM-16 2.5000 404.16 -0.7711 10.74 
rQAM-32 2.1100 338.92 -0.6900 9.70 
rQAM-16 2.0800 332.31 -0.6800 9.54 
cQAM-8 2.0000 317.05 -0.6670 9.33 
rQAM-128 1.9594 315.43 -0.6573 9.31 
rQAM-512 1.9240 309.92 -0.6494 9.21 
V29c [1] 1.8400 298.00 -0.6400 9.12 
rQAM-64 1.7970 289.38 -0.6190 8.82 
rQAM-256 1.7345 279.84 -0.6047 8.65 
rQAM-1024 1.7193 277.52 -0.6012 8.61 
V29c (7200s) 1.5700 266.59 -0.5950 8.76 
V29 1.4897 262.45 -0.5816 8.75 
(4,4,4,4) QAM-16 0.7380 161.98 -0.4270 6.94 
sQAM-8 0.1600 116.92 -0.3600 6.88 
sQAM-16 0.1600 116.92 -0.3600 6.88 
 

Star QAM-8 [11] and star QAM-16 [12] constellations 
(given with prefix “s” in Table 1) are analyzed for the first 
time in the context of cumulants also, and their structures 
are presented in Fig. 3 and Fig. 4, respectively. 

Various circular QAM constellations, namely cQAM-8 
(Table 1) with 8 symbols, or (12,4), (8,8) [13] and (4,4,4,4) 
[11] with 16 symbols, are analyzed in the context of (any) 
cumulants for the first time also. Their fourth and sixth-
order cumulant statistics are presented for the first time in 
Table 1, to the best of our knowledge, while their structures 
are presented in Fig. 5 - Fig. 8, respectively. 

While AMPM-8 constellation was considered under the 
fourth-order cumulants’ statistics in [1], its sixth-order 
cumulant statistics, to the best of our knowledge, are given 
in Table 1 for the first time. The AMPM-8 constellation 
structure used for this analysis is presented in Fig. 9, formed 
in correspondence with [14]. 
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Fig. 1. Square QAM constellations, [10, p224]. 

 
Fig. 2. Rectangular QAM-8 constellation. 

 
Fig. 3. Star QAM-8 constellation. 

 
Fig. 4. Star QAM-16 constellation. 

 
Fig. 5. Circular QAM-8 constellation. 

 
Fig. 6. (12,4) QAM-16 constellation. 
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Fig. 7. (8,8) QAM-16 constellation. 

 
Fig. 8. (4,4,4,4) QAM-16 constellation. 

 
Fig. 9. AMPM-8 constellation. 

 
Fig. 10. V.29 constellation. 

 
Fig. 11. V.29c (7200bps standard) constellation. 

 
Fig. 12. V.29c in [1] constellation. 
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Classical V.29, 16-point standard for 9600 bps data 
transmission over a 4-wire telephone channel [15], is given 
in Fig. 10. Its 8-point version, standard for 7200 bps 
communication modem within the same recommendation 
[15], is given in Fig. 11 and presented under label “V29c 
(7200s)” in Table 1. It is interesting to note that in [1] under 
the label V.29c somewhere different, non-standard 
constellation structure is used, differing from the standard 
one just slightly in terms of the amplitude of four symbols. 
Still, this small difference showed to be sufficient for 
resulting with completely different higher-order cumulants’ 
statistics, as noted in Table 1. For the reasons of 
comparison, 8-point V.29 constellation from [1] is also 
included in this analysis, presented in Fig. 12 and Table 1 
under the label “V29c [1]”. For comparison with other 
sources addressing complex signal constellations, it should 
be also noted that rectangular QAM-32 corresponds with 
V.32 standard [16] signal, while rectangular QAM-128 also 
corresponds with V.33 (i.e. V.32bis) standard signal for 
14400bps communication over a telephone network 
channel [17]. These constellations can be found under their 
alternative names in literature as well (in [1], for example). 

IV. AMC PERFORMANCE 

Classification performance of higher-order normalized 
cumulants is explained through the numerical values of 
error variances from eq. (6) – (9) (corresponding with 
particular signal constellations), along with numerical 
values of distance between particular higher - order 
cumulants. As described in [3], the ratio ρ of standard 
deviation σ (i.e. square root of 63,var( )xC , for AMC based 

on sixth-order cumulants, or square root of 42,var( )xC , for 

fourth-order cumulants) and the distance d between 63Ĉ  (i.e. 

42Ĉ  for fourth-order cumulants) values, given in Table 1, is 

used to describe the efficiency of an algorithm in 
distinguishing one signal constellation from another. For 
example, when distinguishing standard V.29 from 

rectangular QAM-16, difference between their  63Ĉ  values 

(1.4897 and 2.08, respectively) equals d=0.5903; standard 
deviations calculated from 63,var( )xC  are 16.20 and 18.22, 

respectively, leading to the numerical value of the ratio of 
standard deviation and the normalized cumulant distance 
equal to ρ=27.44 for V.29 and ρ=30.86 for QAM-16, 
respectively. The same analysis for the fourth-order 

cumulants shows that difference between 42Ĉ  values (-

0.5816 and -0.68, respectively) equals d=0.0984; standard 
deviations calculated from 42,var( )xC  are 2.96 and 3.09, 

leading to the numerical value of ρ=30.08 for V.29 and 
ρ=31.40 for QAM-16. Lower values of ρ achieved for the 
sixth-order cumulants mean that a better classification 
performance in distinguishing V.29 from rectangular 
QAM-16 signals is expected with the sixth-order 
cumulants. Some examples of expected performance in 
distinguishing between complex constellations having the 
same number of symbols, by using normalized higher-order 
cumulants, are given in Table 2. In order to confirm 
expectations resulting from the numerical values of 

statistical parameters, a test of AMC is executed in 
conditions of AWGN channel, where the received signal 
sequence ( )y n  can be represented by: 

 ( )  ( )  ( ),y n x n g n 
 

 (10) 

with ( )x n  standing for transmitted symbols of an unknown 

constellation, and ( )g n  representing AWGN with a zero 

mean and variance of  2

g
. For a zero-mean random variable 

x, associated with a transmitted data sequence ( )x n , and a 

random variable y associated with a received sequence y(n), 
normalized sixth- and fourth-order cumulants can be 
expressed in the following manner: 
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More rigorous communication channel conditions might 
include the presence of multipath fading, interference and 
other, apart from AWGN only [18]. 

 

TABLE 2: EXAMPLES OF EXPECTED AMC PERFORMANCE 

ESTIMATION AND COMPARISON. 

Scenario  
63Ĉ  42Ĉ    

 d 0.5903  0.0984 
V.29 vs rQAM-16 σ 16.20 18.22 2.96 3.09 

  ρ= σ/d 27.44 30.86 30.08 31.40 
 d  3.1700  0.5300 
sQAM-8 vs rQAM-8 σ  10.81 22.04 2.62 3.33 

  ρ= σ/d 3.41  6.95  4.94 6.28 
 

We carried out the simulations through 2000 Monte 
Carlo trials and N=2000 received data samples were 
collected for AMC in each trial, where algorithms based on 

63Ĉ  and 42Ĉ  values were tested in an AWGN channel, in 

scenario with modulation candidates considered from the 
set: {V.29, QAM-16}. The value of N was selected to match 
directly with the one used in simulations for complex 
constellations described in [3]. The AWGN channel was 

simulated with noise power  2

g
 considered to be known. 

Correct classification probability CC
P  was calculated 

versus SNR, and Fig. 13 illustrates the results of simulation. 
Results presented in Fig. 13 confirm the expectation of 

theoretical analysis: classification performance in 
considered scenario is slightly better with the sixth-order 
cumulants, indeed. Additionally, one interesting property of 

63Ĉ explained in [7], the presence of bias for PAM signals, 

which improves the classification of these signals 

significantly in comparison with 42Ĉ - based AMC, can be 

verified in an experiment with an expanded set of 
constellation candidates. Again, simulations through 2000 
Monte Carlo trials were carried out, with both algorithms 
tested in AWGN channel conditions, this time in scenario 
with modulation candidates from the set: {V.29, QAM-16, 
PAM-16}, and results are presented in Fig. 14.  
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Fig. 13. Correct classification probability in  

{V.29, QAM-16} scenario, N=2000, AWGN channel. 

 
Fig. 14. Correct classification probability in  

{V.29, QAM-16, PAM-16} scenario, N=2000, AWGN 
channel. 

From Fig. 14 it can be concluded that a very good 
performance in distinguishing real from complex 
constellations with the sixth-order cumulants leads to a 

more significant difference in achieved CC
P  even in the 

case with a wider set of candidates from the class of 
complex constellations. Errorless classification of PAM-16 

signals with 63Ĉ  algorithm at all SNR values higher than -

4dB directly leads to its superior performance over the 
fourth-order cumulants, as illustrated in Fig. 14, being also 
clearly much more dominant than in the case when complex 
signals only are classified (Fig. 13). A similar analysis can 
be carried out for any constellation given in this paper: 
presented statistics provide a possibility for estimation of 
expected classification performance on the basis of ratio ρ, 
in procedure as demonstrated.  

V. CONCLUSION 

In this paper AMC statistics for a number of complex 
constellations are presented for the first time, classification 
performance is discussed and tested via simulations. While 
simulations show a good level of alignment with theoretical 
expectations, precise visual and numerical description of 
many constellation shapes, presented in cumulant-based 
concept of AMC, do provide necessary repeatability, and 
resolve any potential ambiguities in numerical values and 
interpretation thereof. In future work, it will be of interest 

to explore the benefits of recursive modulation order 
reduction over the rectangular QAM constellations with a 
huge number of symbols, as potentially additional AMC 
performance accelerator.   
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