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Adaptive Thresholding for Sparse Image
Reconstruction

Ivan Volaric and Victor Sucic

Abstract — The performance of the class of sparse
reconstruction algorithms which is based on the iterative
thresholding is highly dependent on a selection of the
appropriate threshold value, controlling a trade-off between
the algorithm execution time and the solution accuracy. This
is why most of the state-of-the-art reconstruction algorithms
employ some method of decreasing the threshold value as the
solution converges toward the optimal one. To address this
problem we propose a data-driven adaptive threshold
selection method based on the fast intersection of confidence
intervals (FICI) method, with which we have augmented the
two-step iterative shrinkage thresholding (TwIST) algorithm.
The performance of the proposed algorithm, denoted as the
FICI-TwIST algorithm, has been evaluated on a problem of
image reconstruction with the missing pixels, exploiting image
sparsity in the discrete cosine transformation domain. The
obtained results have shown competitive performance in
comparison with a number of state-of-the-art sparse
reconstruction algorithms, even outperforming them in some
scenarios.

Keywords — Compressive sensing, Fast intersection of
confidence intervals (FICI) method, Image reconstruction,
Iterative soft thresholding, Signal sparsity, Sparse
reconstruction algorithm.

[. INTRODUCTION

HE signal sparsity, a signal property known for a long
time, has been mainly used for lossy multimedia file
compression; e.g. in the widely used JPG, MP3, and MP4
standards [1]. The idea behind such compression algorithms
is not to store the original data in the time or spatial domain,
but rather in some transformation domain in which the
original data has a sparse representation. This means that
the signal energy is concentrated in a small number of
samples, while most of the samples are close or equal to
zero. In such a scenario, the lossy compression is achieved
by storing only the most significant samples, discarding the
rest.
In the last decade, the compressive sensing (CS) has
gained interest of many researchers, especially after
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ground-breaking papers [2], [3]. The idea behind CS is
similar to the previously described lossy compression with
one key difference. Instead of recording a full data-set and
then discarding low-energy samples in the transformation
domain, we record only a portion of the data-set and
reconstruct the missing samples. The reconstruction process
involves solving the undetermined linear system of
equations by formulating the unconstrained linear
optimization problem emphasizing the signal sparsity in the
selected transformation domain. In other words, the sparse
reconstruction calculates the missing samples in a way
which will produce the sparsest representation in the
transformation domain.

In the real-life situations, the partial unavailability of
samples can happen due to the various physical constraints
or corrupted data, resulting in the wide-spread application
of the CS based methods not only limited to multimedia
applications [4]-[8], e.g. medicine [9], [10]; astronomy [11],
[12]; wireless communication [13], [14]; radar [15], [16];
geoscience [17], [18]; etc.

In this paper we propose a sparse reconstruction
algorithm, denoted as the FICI-TwIST. The proposed
algorithm combines the two-step iterative shrinkage
thresholding (TwIST) algorithm [7] with the fast
intersection of confidence interval (FICI) method [19]. The
FICI method optimizes the TwIST iterative step by
providing a data-driven threshold value. This paper is the
continuation of work presented in [5], with more detailed
theoretical ~explanations and additional examples.
Furthermore, the algorithm has been tweaked with a goal of
reducing its execution time, allowing us to compare it with
the other algorithms in a more realistic way. The proposed
algorithm has been compared with a number of state-of-the-
art reconstruction algorithms on a problem of image
reconstruction with the missing pixels, by emphasizing the
sparsity in the 2D discrete cosine transformation (DCT)
domain.

The paper is organized as follows. Section II gives a
theoretical background behind sparse image reconstruction
and introduces the proposed reconstruction algorithm.
Section III presents the simulation results, while Section IV
gives the concluding remarks.

II. SPARSE IMAGE RECONSTRUCTION

A. Problem Formulation
Let x denote a grey-scale image with N, X N, pixels, and
let @ denote an invertible linear transformation, such that:
X =Pxd . (1)
As already mentioned, for a meaningful sparse
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reconstruction, this transformation has to be sparsity
inducing, that is, X has to be K-sparse where K << N,N,. It
is well known that the DCT is such a transformation for
images; the widely used JPG standard exploits DCT
sparsity in order to achieve image compression [1]. Inspired
by this, in this paper we will also use DCT, thus ® and ®'!
implement DCT and inverse DCT (IDCT) coefficients,
respectively:

L k=0,
N @)

T 2n+1)k
icos 7r(n—+) , otherwise,
N 2N

for k, n € [0, ..., N-1], where N is either N, or N, depending
on if the x is multiplied from the left or the right side. Note
that @ is real and orthonormal, and thus the inverse
calculation is not necessary since ® ' = ®T,

Furthermore, for more convenient future notation, we can
rewrite (1), where both x and X are column vectors. Let
xy = vect(x) and Xy = vect(X), then:

X, =®,x,, (3)
where the NN, X NN, transformation matrix @ is defined
through the Kronecker product as:

@,

q)l,I(D (DI,Z(I, (DI,NA(D
O, > OO - D, DO
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Next, let yy denote a column vector with a randomly
selected set of M << N.N, measurements taken from xy, that
is, the available image pixels:

y, =¥x,, ©)
where ¥ is a M x N;N, measurement matrix with only one
element per row equal to one and rest zeros, connecting a
yr m-th measurement with a xy n-th pixel.

In order to formulize the sparse image reconstruction
problem, we combine (3) and (5):

y, =¥x, = ‘I’(D;XV = ATXV, (6)
where AT = Y@y = WYO,T is truncated @k matrix with
deleted rows corresponding to the missing samples,
representing the truncated backward transformation, that is,
in our case the truncated IDCT. In future expressions, we
will also use matrix A = ®x¥T representing the expanded
forward transformation (in our case DCT) where yy is
expanded in such way that the missing samples are set to
zero, followed by the DCT.

The problem of sparse image reconstruction is to obtain
full image xy from a set of available image pixels yy. This
problem is ill-posed since matrix A is not invertible, and as
such could have an infinite number of solutions. In order to
obtain the best solution, we formulize the following
unconstrained optimization problem [6], [7]:

Xy =arg n)l(in%"X,, — Ay, ||z +1c(X,), (D

where ¢(Xy) : R? — R is the regularization function, while
J is the regularization parameter. The regularization
function plays a most significant role in such optimization
problems with a key goal of emphasizing the a priori known

solution property. As stated before, we have selected @
such that X is sparse, thus for a meaningful reconstruction,
the regularization function value should decrease as the
solution sparsity increases. The best function for this
problem is the £y-norm, as it counts the number of non-zero
elements. However, the {y-norm minimization is an NP-
hard problem, and it is usually solved with greedy
algorithms, by searching for a good local minimum, instead
of the global one [21]. Because of this, the {y-norm is often
replaced with an easy to solve convex problem of £;-norm
minimization [6], [7], [21], [22] introducing a new problem:
the objective function does not measure the property which
we want to attain. A more detailed survey of the sparse
reconstruction algorithms is given in [23] and [24].

B. Problem solution with €;-norm minimization

By using the £;-norm as the regularization function, we
can rewrite (7) as:

X —argmin|X, | st X, Ayl <e ©

Furthermore, by introducing the Moreau proximity operator
we can further simplify this expression into closed form
which can be iteratively solved (more detailed discussion
about the proximity operator can be found in [25]):

X, =soft, {X,}, )

where soft;{Xy} is the component-wise soft-thresholding
operator, defined as:

soft, {X, } =sgn(X, )max (|X,|-4,0). (10)

One simple, yet effective algorithm designed around this
idea is the TWIST algorithm [7]. The solution of the (n+1)-
th algorithm iteration is defined as:

] = I e I
Bsoft, {I:X’V' ]["] + A(y,, _AT [Xf) ]["] )}’

where a and f are the user pre-defined TwWIST relaxation
parameters controlling the averaging weights between the
current and the previous two solutions. The final solution is
obtained by iterating (11) until the stopping criterion is
satisfied, i.e. the relative change, ¢, between the solution of
two consecutive algorithm iteration is small enough, or the
maximum number of iterations, N;;, has been reached.

C. FICI based adaptive thresholding

The class of sparse reconstruction algorithms which is
based on the previously described iterative shrinkage
(thresholding) suffers from the problem that their
performance is highly dependent on the proper selection of
the regularization parameter in (7), that is, the threshold
value 1 in (9). With a high 1 value, the input data is going to
be tresholded more strictly, resulting in the faster algorithm
convergence rate, however, at the cost of reduced solution
accuracy. On the other hand, a low 1 value will result in the
slower algorithm convergence rate with a higher accuracy.
Because of this, most state-of-the-art reconstruction
algorithms employ some method of decreasing the 4 value.
If the reconstruction starts with a high A value, and
decreases as the reconstruction is converging towards the
optimal solution, we can achieve both benefits, that is, the
faster convergence rate with higher accuracy.

With such motivation, we have introduced the FICI
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method [19] to the reconstruction process, by calculating
the A value in every TwIST iteration. The original FICI
method has been used in combination with the local
polynomial approximation (LPA) for signal denoising in
order to find a data-driven window size. Basically, the FICI
method searches the vicinity of a specific signal sample for
a region where all samples have a statistically similar
amplitude values. In the sparse reconstruction process, we
have used the FICI method to find a region of the lowest
amplitude samples which are going to be thresholded in the
sparse reconstruction process.

Let Xy denote the ascendingly sorted argument of the
soft-thresholding operator in (11), that is:

X, =sort {[X:,‘ ][n] + A(y,, -A’ [X,f,‘ ][n])}, (12)

In the first step of the proposed algorithm, we soft-threshold
the input data:

(13)

with a relatively small threshold value Ar = 1p max(Xy). In
our simulations it has been shown that setting Ap in range
[104, 2-10*] ensures both robustness to noise and faster
execution time, without a significant impact on the final
solution. Starting from the first non-zero element, Xv(is),
the upper and the lower bound of the confidence interval are
calculated as [19]:

D, ,(iy + Ai) = mean {X,, (iy),.... X, (i, + Ai)}

XV =soft, {XV} ,

(14)
+Tstd{ X, Gy )., X, Gy + AD)},

where Ai is the current window size, starting from 1 and
incrementing in each FICI iteration, I is the ICI threshold
parameter, while mean{-} and std{-} are respectively, the
mean value and the standard deviation of samples within the
current window.

In the next step, the relative amount of intersection
between the confidence intervals is calculated [19]:
D, (i, +Ai)—D, (i, +Ai)

20 std{ X, (iy)s.... X, (i, + A}
where Dyyin(ip + Ai) and Diyax(ip + Ai) are defined as:
D, (i, + Ay =min(D, (iy)..... D, (i, + A)),

(15)

R(i, + Ai) =

3 (16)
D, (i +Ai) =max(D,(iy),..., D,(iy + AD)).  (17)
These steps, that is (14)-(17), are iterated by incrementing
Ai until the stopping criterion is satisfied:
R(iy, + Ai) < R, (18)
where 0 < R¢ <1 is the FICI threshold parameter [19].
Let Ai* denote the first Ai for which (18) is satisfied. The
samples {Xv(ip),..., Xv(ip + Ai*)} represent the first non-
zero region of input data with the lowest amplitude. By
setting a new starting point, that is iy = Ai*, we repeat (14)-
(18) Ny times. The final Ai*, obtained in such a way,
represents the index of a Xy sample with the highest
amplitude among the first N, regions with the lowest
amplitude. Thus, the amplitude of this sample is used as the
TwIST threshold value, that is: 4 = Xy(ip + Ai*).
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III. EXPERIMENTAL RESULTS

The performance of the proposed algorithm has been
evaluated on three standard gray-scale test images: lenna,
barbara, and cameraman; all pre-scaled to 256 x 256 pixels.
Inspired by the JPG standard, images have been divided into
8 x 8 blocks, where each block has been processed
separately. The comparison has been performed in terms of
MSE and algorithm execution time with the following state-
of-the-art sparse reconstruction algorithms: TwIST [7], split
augmented Lagrangian shrinkage algorithm (SALSA) [6],
Nesterov algorithm (NESTA) [22], and your augmented
Lagrangian algorithm for £1 (YALL1) [21]. Note that the
execution times should only be taken in relative
comparison, and not as absolute values.

The simulations have been performed over a range of CS
ratios: M/N:N, = {0.1,0.15,0.2, ..., 0.9}, while the stopping
criterion has been set to: ¢ = 10 and N, = 1000. For each
CS ratio, the results have been averaged over
Ncs = 50 different realizations of the randomly generated
measuring matrix. The algorithm and image specific
parameters are listed in Table 1. The algorithm parameters
have been selected for the best performance with the CS
ratio of 0.4. It is important to point out that the MSE
function has a large number of local minima and our
attempts of utilizing the heuristic optimization algorithms
(such as the particle swarm optimization) have not resulted
in the MSE value which is better than the manually selected
parameters using the gradient descent idea with the
intuitively selected starting point.

The obtained reconstructed MSE values are shown in
Fig. 1, while the algorithm execution times are presented in
Fig. 2. In terms of the MSE values, it can be seen that all
considered algorithms run very competitively, with SALSA
being the worst, especially for lower M/N:N, ratios. The
proposed algorithm in some cases slightly outperforms
other considered algorithms, e.g., in range M/N.N, € [0.4,
0.5] for lenna and barbara. The execution times are
relatively consistent over the entire CS range, with TwIST
being the fastest, and the proposed FICI-TWIST being the
slowest algorithm. This was to be expected, since the
TwIST algorithm is a relatively simple reconstruction
algorithm, while the proposed algorithm requires
calculation of the mean value and the standard deviation
over the increasing window size (A7) in each iteration.

TABLE 1: ALGORITHM AND IMAGE SPECIFIC PARAMETERS

lenna barbara cameraman
A=15 A=15 A=15
TwIST a=1.97 =394
SALSA us =1
NESTA =8 | uv=8 | un=12
YALLL1 No algorithm specific parameters
r=1.1 r=13 r=1.1
Rc=0 Rc=0 Rc=0
oa=1 a=1 o=1
FICI-TwIST p=17 =175 =175
Nreg =3 ]Vreg =3 ]Vreg =3
Ap=1.2-10% | Ap=1.1-10"* | 1p=2.0-10"
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Fig. 1. Average reconstructed MSE values for TwiST
(red), SALSA (green), NESTA (blue), YALLI1 (magenta),
and FICI-TwIST (black) over M/N.N, range and for:
(a) lenna; (b) barbara; (c) cameraman. Range of the zoom

inset is M € [0.6, 0.9].

20

Exe. time [s]

I

M/N,N,

(a)

20 |

Exe. time [s]

]\'f/ N, T ]\ry

(b)

Exe. time [s]

0.3 0.‘4 0.% O.‘6 0.‘7 0.‘8 0.9
M/N,N,
(©)

Fig. 2. Average algorithm execution times for TwiST
(red), SALSA (green), NESTA (blue), YALL1 (magenta),
and FICI-TwIST (black) over M/N,N, range and for:

(a) lenna; (b) barbara; (¢) cameraman.

The M/N,N, ratio of 0.4 in our simulations have shown to
be borderline, with lower ratio resulting in the visually
significantly worse reconstruction performance, while on
the other hand a higher CS ratio results in a visually
undistinguishable images. This is why we have highlighted
the reconstruction performance for this specific CS ratio in
Fig. 3 and 4, showing algorithm convergence rate (in terms
of MSE) and cumulative execution time over iterations of
the specific algorithm. As in previous figures, each data
point has been averaged over N¢s = 50 different realizations
of the randomly generated measuring matrix.
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Fig. 3. Average reconstructed MSE values (M/NN, = 0.4)
for TwiST (red), SALSA (green), NESTA (blue), YALL1
(magenta), and FICI-TWIST (black) over algorithm
iterations and for: (a) lenna; (b) barbara; (c) cameraman.
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Fig. 4. Average cumulative algorithm execution times
(M/N;N,, = 0.4) for TwiST (red), SALSA (green), NESTA
(blue), YALL1 (magenta), and FICI-TWIST (black) over
algorithm iterations and for: (a) lenna; (b) barbara;
(c) cameraman.

As in the previous case, we can see that all considered
algorithms run competitively; with SALSA having the
slowest, and YALL1 having the fastest convergence rate. In
the starting iterations, the proposed algorithm runs similar
to the YALL1, having one of the best MSE improvements
per iteration. However, in the later algorithm iterations,
convergence rate slows down, and finally MSE value settles
between the 100" and the 150" algorithm iteration. This
behavior reveals a shortage in the proposed algorithm
(alongside SALSA and YALL1) exit criterion. All of the
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mentioned algorithms, that is, all except TwIST and
NESTA, exit because they have reached the maximum
allowed number of iterations, while MSE stays relatively
unchanged in the latter iterations. Defining a better exit
criterion would greatly help in the improvement of the
mentioned algorithm execution times. However, not having
access to the original image in the real-life implementation
significantly limits the possibilities for such criterion.

A single random realization of the measuring matrix with
M/NiN, = 0.4, and the resulting reconstructed images have
been presented in Figs. 5- 7. As previously stated, the
performance of the considered reconstruction algorithms is
very similar, which can be confirmed by visual inspection
of the shown images.

(b) 7 (©)

(2

Fig. 5. Reconstruction performance for lenna:

(a) original image; (b) CS-ed image (M/N.N, = 0.4);
(c) reconstructed by the TwIST (MSE = 191.46);
(d) reconstructed by the SALSA (MSE = 273.30);
(e) reconstructed by the NESTA (MSE = 181.81);
(f) reconstructed by the YALL1 (MSE = 189.69);

(g) reconstructed by the FICI-TwIST (MSE = 176.99).

IV. CONCLUSION

Compressive sensing is a powerful framework, being
capable of signal recovery when it is heavily under-sampled
below the Nyquist-Shannon frequency. This is only
possible with an a priori knowledge about some
transformation domain in which the original signal has a
sparse representation. In this paper, we have proposed a
sparse reconstruction algorithm, denoted as the FICI-
TwIST algorithm, in which we have addressed the problem
of proper selection of the threshold value, by utilizing the
FICI method for adaptive data-driven threshold calculation.

Telfor Journal, Vol. 15, No. 1, 2023.

Fig. 6. Reconstruction performance for barbara:
(a) original image; (b) CS-ed image (M/N;N, = 0.4);
(c) reconstructed by the TwIST (MSE = 179.56);
(d) reconstructed by the SALSA (MSE = 272.84);
(e) reconstructed by the NESTA (MSE = 166.00);
(f) reconstructed by the YALL1 (MSE = 172.70);
(g) reconstructed by the FICI-TWIST (MSE = 165.14)

(€9)
Fig. 7. Reconstruction performance for cameraman:
(a) original image; (b) CS-ed image (M/N,N, = 0.4);

(c) reconstructed by the TwIST (MSE = 358.64);
(d) reconstructed by the SALSA (MSE = 466.67);
(e) reconstructed by the NESTA (MSE = 312.38);
(f) reconstructed by the YALL1 (MSE = 334.70);

(g) reconstructed by the FICI-TWIST (MSE = 313.44)
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We have tested the proposed algorithm on a problem of
image reconstruction with the missing pixels and compared
its reconstruction performance with those of state-of-the-art
sparse reconstruction algorithms in terms of MSE and
execution time. The experimental results have shown that
all considered algorithms can relatively accurately
reconstruct an image where up to 60% of pixels are missing.
The proposed algorithm runs very competitively, even
outperforming considered state-of-the-art algorithms in
some scenarios in terms of MSE value. On the other hand,
the shortcoming of the proposed algorithm is its execution
time, as it requires the repetitive calculation of the mean
value and the standard deviation. However, as shown by the
simulations, the MSE improvement in latter algorithm
iterations is not significant, so by formulating the
alternative exit criterion, this problem can be alleviated.
This will be a topic of our future research, alongside with
the exploration of different sparsity inducing
transformation domains, namely the wavelet transformation
using the Cohen-Daubechies-Feauveau 9/7 wavelet, as used
by the JPEG2000 standard.
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